Compact generation of easy-to-access continuous- variable cluster states 
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Cluster states are an essential component in one-way quantum computation protocols. We present novel 
schemes to generate addressable and scalable cluster states. Specifically, we exploit the entanglement contained 
in quadrature squeezed cylindrically polarized modes as the resource for our cluster state production. We care- 
fully examine the properties of the obtained cluster states and quantify these. It is shown that these cluster states 
can be built through very compact designs. All modes are directly addressable, as needed for one-way quantum 
computation. Furthermore, we experimentally implement one of the proposed schemes and verify its feasibility 
by measuring the quantum correlations between the different nodes of the cluster state. 
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The efficient processing of computational tasks is ex- 
tremely desirable in today's fast evolving information soci- 
ety. Quantum computers have the potential to clearly outper- 
form classical systems at certain computational operations (TJ. 
The necessary technologies for such a quantum computing de- 
vice are slowly evolving, however, further improvements of 
these are essential before one can build an operational quan- 
tum computer. 

It has been shown that so-called cluster states represent a 
universal resource for measurement-based, one-way quantum 
computation, which can be performed with discrete-variable 
(DV) systems EK6) as well as with continuous-variable (CV) 
quantum states II7 UT21 . In these schemes specially prepared 
entangled states, the cluster states, form the backbone of the 
protocol. The central idea behind cluster-state quantum com- 
putation is to enact quantum logic gates on parts of an initially 
prepared cluster state by teleporting them through the cluster. 
These gates are then implemented solely by means of local 
measurements, while additional Hadamard (DV) or Fourier 
(CV) gates are built-in along the teleportations to switch be- 
tween different bases and obtain universality. The first mea- 
surement results determine which bases to choose for the re- 
maining measurements and which Pauli (DV) or displacement 
(CV) corrections to apply. Thus, in this model, the compli- 
cation of implementing deterministic quantum gates is trans- 
ferred to the task of generating highly non-locally correlated 
cluster states, typically, either in a probabilistic (DV) or deter- 
ministic (CV) fashion. 

While it is possible to deterministically generate CV cluster 
states using squeezed light and linear optics fl3l . there are still 
difficulties to overcome with regards to scaling up such states 
to sufficiently many, addressable modes. The experimental re- 
alization of large cluster states still remains a major challenge 
and a reduction of the complexity of the setup is highly de- 
sirable if one wants to implement these states in a quantum 
computing protocol. A key element in the optical cluster-state 
generation process, determining how compact the cluster state 
will become, is the nonclassical state of light that serves as the 



physical resource for the cluster. There are various approaches 
to this, for example, the use of optical frequency combs to 
generate CV cluster states ifTDT - fTSl IT4l . Such cluster states can 
be created in a very compact way which makes them poten- 
tially scalable. However, in these schemes, the addressability 
of each node of the cluster, as needed for quantum compu- 
tation, still imposes a challenge. The alternate, linear-optics 
method 1 13 1 to obtain CV cluster states has been demonstrated 
in |fl5l . In this case, the resources for cluster-state genera- 
tion are squeezed Gaussian modes combined at a network of 
beam splitters. While, in principle, any cluster topology can 
be achieved this way [ 13 1 and the different spatial modes that 
form the cluster are also easily addressable, a compact design 
in this approach is difficult. Alternatively, one may encode 
the cluster states in a temporal fashion by repeatedly reusing 
the same optical hardware lfl6l[T7l . However, this kind of ap- 
proach has the complication of implementing sufficiently long 
delay loops. 

In this Letter, we report on a new scheme to generate clus- 
ter states with the help of quadrature squeezed cylindrically 
polarized modes. The presented cluster states rely on the four 
orthogonal basis modes of the cylindrically polarized states 
which can be easily distinguished and addressed. Moreover, 
this approach to cluster generation is very compact, since non- 
classical multi-mode correlations are obtained for all involved 
cylindrically polarized modes in a single nonlinear process. 
This could be for example a photonic crystal fiber lfl8l IT9l or 
an optical parametric oscillator EU1 |2TI . The schemes pro- 
posed here are designed in such a way that they offer, at the 
same time, a compact and robust cluster-state preparation as 
well as an easy and direct addressability of the nodes of the 
cluster. At the end of this paper, we report on an experimental 
demonstration of one of the proposed schemes, for which we 
measure the quantum correlations present among all the four 
nodes of the cluster state. 

For continuous variables, in the limit of infinite squeezing, 
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FIG. 1. In a) scheme 1 for cluster-state generation is presented. A radially polarized mode enters a linear-optics network with the four output 
modes then forming a cluster state. The radially polarized mode could also be substituted by an azimuthally polarized one to generate a similar 
cluster state. In b) scheme 2 is shown. One radially and one azimuthally polarized mode form the input state. The four output modes again 
constitute a cluster state, [polarizing beam splitter (PBS), half-wave plate (A/2)]. 



cluster states fulfill the eigenequation lfl3ll 

(ih- L A jk q k )\yf)^0 Vj. (1) 

keNj 

This is in analogy to the discrete case, where cluster states 
are eigenstates of the Pauli stabilizers 6^ IlkeNj &z ll22l . In 
the CV case, pj and qj correspond to the "position" and "mo- 
mentum" operators of the optical mode j. Nj are the adjacent 
modes of the mode /'. The real matrix A contains the full infor- 
mation about the cluster or, equivalently, its graph. It therefore 
determines what the displacement corrections after measuring 
some of the modes must be in order to achieve, in principle, 
unit-fidelity teleportation. This is reflected by the fact that 
the covariances of the operators (pj — Y,k^jkQk), which cor- 
respond to the excess noises acquired during the individual 
teleportation steps, all vanish. Note that in a two-mode sce- 
nario, the state that satisfies Eq. ([TJ) is the famous EPR state 
up to a local Fourier rotation. 

In any realistic scenario, however, one is limited to finitely 
squeezed input states. Thus, quantum teleportation using real- 
istic cluster states always has non-unit fidelities, so that these 
physical clusters are non-ideal states for universal quantum 
computation. Nevertheless, one can define approximate clus- 
ter states or Gaussian graph states (23] which clearly specify 
the correlations between the individual modes in a cluster, as 
well as the infidelities of the quantum operations that have to 
be accepted for a finite degree of squeezing. The full infor- 
mation on any (zero-mean) Gaussian state is contained in its 
covariance matrix. CV cluster states can then be completely 
described by the adjacency matrices of their graphs l23l . de- 
fined as, 

Z = /U + V. (2) 
Here, U and V are given by 

U=^(q<rV, V=(qqVx({q,p r }), (3) 



where (qq r ) denotes the position covariance matrix and 
({q,p r }) the matrix describing the cross-correlations be- 
tween position and momentum, defined as ({q,p r });jt = 
\{{Q.jPk~\~ PkQj))- The role of U is to incorporate the finite 
squeezing of each mode, while V represents the coupling be- 
tween the modes. For the complex adjacency matrix Z, re- 
placing the real matrix A, Eq. (JTJ) becomes an exact zero- 
eigenequation even for finite squeezing [23 1. It is therefore 
a convenient tool to quantify and describe finitely squeezed 
cluster states. 

For a realistic cluster with finite squeezing, the complex 
adjacency matrix now determines both the necessary displace- 
ments during teleportation and the excess noise that inevitably 
will be added to the state after teleportation: the covariances 
of the operators (pj — Y.k^jkQk) are given by the matrix ele- 
ments U nm /2, so that the total matrix Z contains the full infor- 
mation on the intermode correlations of a cluster state. 

Our cluster-state generation schemes are based on cylindri- 
cally polarized beams. These can be described by a superpo- 
sition of two out of four distinct modes. If one chooses, for 
example, the Hermite-Gaussian basis to define cylindrically 
polarized modes, this would be the two first-order Hermite 
Gaussian TEMio (10) and TEM i (01) with horizontal (H) 
and vertical (V) polarization, namely H10, V 10, HOI and V01 
E4ll . In Il9| we have shown that by quadrature squeezing a 
cylindrically polarized beam, one generates squeezing in en- 
tanglement between the basis modes. Our cluster states rely 
precisely on these properties. The two most common cylin- 
drically polarized modes are the radially and azimuthally po- 
larized modes, described by the annihilation operators &r and 
a.A, respectively. Their annihilation operators are defined as 
follows, 

&R = -j=i&HW+&vm), &a = — ^(^vio — <Zff0l)- (4) 

The entanglement-generating operation is modeled by the 
squeezing operator 

§{r,d) =exp[r(e- m a 2 -e ie a n )/2}, (5) 
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FIG. 2. The cluster states generated from scheme 1, displayed in a), 
and scheme 2, displayed in b). In scheme 1, a quadrature squeezed 
radially polarized mode is assumed as the input mode. The parameter 
z is related to the squeezing of the cylindrically polarized mode at the 
input and, in these plots, quantifies the strength of the entanglement 
between the different, individually addressable modes. 



applied before the beam enters the passive circuit which gen- 
erates the final cluster state. 

In the present work, we propose two schemes to gener- 
ate two different types of cluster states. A key element in 
both schemes are, on the one hand, polarizing beam splitters 
(PBSs), which act as mode separators and combiners and, on 
the other hand, half-wave plates orientated at 22.5°. These ro- 
tate the input state by a H / v i— > (a# ± ay) /V2, thus performing 
a mode mixing between the different input modes. 

The first scheme is illustrated in Fig. [T^). A quadrature 
squeezed azimuthally (or radially) polarized mode is sent 
through an array of PBSs and half-wave plates. These are 
configured in such a way that one gains access to all four basis 
modes which are spatially separated at the output of the cir- 
cuit. In Scheme 2, displayed in Fig.[lJ>), quadrature squeezed 
azimuthally and radially polarized modes are split into their 
basis modes. In the next step one pair of orthogonally po- 
larized modes is combined on a PBS and then mixed with a 
half-wave plate orientated at 22.5°. After the half-wave plate, 
the modes are separated again at a PBS, therefore allowing 
one to access all four basis modes in spatially separated arms. 

In order to characterize the output states of the proposed 
schemes, we calculate their adjacency matrices, giving us the 
full information about any quantum correlations contained in 
these states. To do so, we make use of the fact that any uni- 
tary operation U corresponding to a symplectic transformation 
U^xU = Sx changes the covariance matrix C of a Gaussian 
state according to 



(6) 



For a complete theoretical description of the state, how- 
ever, we do not only have to consider the co-rotating radi- 
ally and azimuthally polarized modes, a R + = or, a A + = a A , 
but also their counter-rotating complements, a A - = (ayio + 



)/v / 2, 
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The symplectic matrix for each cluster generation scheme 
is composed of the matrices of the individual squeezing and 



one can then extract the adjacency matrix of each scheme ac- 
cording to Q. As a final result for the adjacency matrices 
describing the cluster graphs for schemes 1 and 2, we obtain 
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Here, the first (last) two columns denote the beams with a 
TEMio (TEMoi) spatial profile, while the odd (even) num- 
ber channels correspond to horizontal (vertical) polarization. 
The superscripts A and R represent the case for the radial 
or azimuthal input mode in scheme 1, respectively. The pa- 
rameter z quantifies the amount of squeezing of the input 
modes. It is related to the input squeezing in Eq. Q as 

Z = {{qPm) - + |)/ 4 <0> With (O and (§Pi*) bein 8 

the (co-) variances of the input mode. For a squeezed input 
state, these two quantities are given by 

(<7?n) = \ [cosh(2r) — sinh(2r)cos 9] , 

(qPm) — — \ sinh(2r) sin0. (8) 

Here r is the degree of squeezing and 9 the squeezing angle. 
The adjacency matrices clearly show that quantum correla- 
tions between the different modes exist and that the output 
states form a cluster. Especially intruiging is the form of the 
cluster's graph, showing which modes are directly entangled 
to each other. The topological structure of these states are dis- 
played in Fig. [2] The cluster state obtained from scheme 1 has 
the unique feature that all modes are directly linked to each 
other, corresponding to a so-called fully connected graph. In 
the case of an azimuthally polarized input beam, it is even 
fully symmetric under permutation of its output modes. To our 
knowledge, an experimental generation of a fully symmetric 
and connected, optical cluster state has not been achieved yet, 
and we will discuss below our proof-of-principle experiment 
for this. The cluster state from scheme 2 displays a box-like 
structure. Cluster states with this graph topology have already 
proven their importance for quantum teleportation protocols, 
both experimentally and theoretically |[T3l[T5l . 

Our cluster-state generation schemes are distinct from other 
schemes through the simplicity of their implementation. The 
cylindrically polarized modes, which form the backbone of 
the setups, can be manipulated by polarization optics and need 
only very few interferences; as opposed to the standard linear- 
optics cluster schemes, where complicated interferometry is 
always sensitive to losses and reduces the stability of the im- 
plementation. 

Experimentally, we have verified that the cluster state setup 
suggested in scheme 1 can actually be implemented. The ex- 
perimental realization is depicted in Fig. [3] A shot-noise lim- 
ited ORIGAMI laser (Onefive GmbH) emitting 220 fs pulses 
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FIG. 3. The experimental setup to generate the cluster state from scheme 1 and measure the amplitude quantum correlations between the 
different modes. This scheme shows the case where a quadrature squeezed radially polarized beam enters the cluster-state generation circuit. 
By simply modifying the liquid crystal [LC], also an azimuthally polarized beam can be generated, while the passive circuit remains the same, 
[polarizing beam splitter (PBS), half-wave plate (A /2)] 



centered at 1560 nm acts as the light source. The light is 
injected into an asymmetric Sagnac interferometer 11251 and 
generates an amplitude squeezed linearly polarized Gaussian 
mode. The key components of the Sagnac loop are a 93:7 
beam splitter and a 6.45m± 0.02m long polarization main- 
taining single-mode fiber (3M FS-PM-7811) which acts as 
the nonlinear medium. The Gaussian output mode displays 
an amplitude squeezing of — 3.3dB±0.1dB at a sideband 
frequency of 10.2 MHz. To realize scheme 1, one needs ei- 
ther a quadrature squeezed azimuthally or radially polarized 
mode. The radially polarized mode is obtained by mode 
transforming the Gaussian mode with the help of a liquid- 
crystal polarization converter (ARCoptix) and wave plates 
11241 . The losses at the device are 17% ±0.5% and we have 
measured — 1 .9 dB ± 0. 1 dB squeezing in both the radially and 
azimuthally polarized mode. In the next step, the cylindrically 
polarized mode goes through a cascade of PBSs and half-wave 
plates, as indicated in Fig. [ij. The four outputs of the circuit 
are detected by single detectors with sub-shot noise resolution 
at a sideband frequency of 10.2 MHz. 

The experimental scheme allows one to observe the am- 
plitude quantum correlations present between the different 
modes. Table I lists all the different correlations and anti- 
correlations between the different output modes and their ex- 
pected theoretical values. The excellent agreement between 
the theory and the experimental results shows that our passive 
circuit works near-perfectly and that it is capable of generat- 
ing cluster states. It should be noted that in order to fully char- 
acterize the system and directly verify the entanglement con- 
tained in the cluster, more elaborate measurements are neces- 
sary. These will be part of further investigations. 

In conclusion, we have demonstrated that quadrature 
squeezed cylindrically polarized modes are ideal tools to gen- 
erate CV cluster states in a compact fashion. The intrin- 
sic entanglement contained within these modes allows for a 
straightforward and easy generation of cluster states, there- 
fore greatly reducing the complexity of the generation of 



Correlations 


Radially [dB] 


Azimuthally [dB] 


H01+H10 


-0.8 (-0.8) 


-0.9 (-0.8) 


H01+V10 


-0.8 (-0.8) 


-0.9 (-0.8) 


V01+H10 


-0.8 (-0.8) 


-0.8 (-0.8) 


V01+V10 


-0.7 (-0.8) 


-0.8 (-0.8) 


HO 1+ V01 


-0.8 (-0.8) 


-0.9 (-0.8) 


V10+H10 


-0.7 (-0.8) 


-0.8 (-0.8) 


H01-H10 


0.0 (0.0) 


0.0 (0.0) 


H01-V10 


0.0 (0.0) 


0.0 (0.0) 


V01-H10 


0.1 (0.0) 


0.0 (0.0) 


V01-V10 


0.1 (0.0) 


0.0 (0.0) 


H01 -V01 


0.1 (0.0) 


0.0 (0.0) 


V10-H10 


0.0 (0.0) 


0.0 (0.0) 



TABLE I. The amplitude correlation measurements between the dif- 
ferent modes of the generated cluster states for either the radially or 
the azimuthally polarized mode as the input mode. The expected the- 
ory value is displayed in brackets. The experimental error is always 
±0.1 dB. 

such states. As each node of the cluster state is a unique 
mode, these can be easily addressed individually, as needed 
for measurement-based quantum computations. We have also 
shown that our approach is versatile and can be exploited to 
obtain qualitatively different kinds of cluster states, includ- 
ing a fully connected, fully symmetric graph of four opti- 
cal modes. The protocols proposed here clearly demonstrate 
that a combination of different polarization states and higher- 
order spatial modes, realizing a kind of hybrid entanglement 
of different degrees of freedom, leads to very compact and 
well addressable cluster states. These are crucial features for 
a realistic implementation of quantum computing with clus- 
ter states, and indeed, our system is easily scalable by uti- 
lizing higher-order TEM,„„ modes. With regards to a com- 
plete scalability to large CV cluster states and computations, 
besides achieving compactness and addressability of the opti- 
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cal system, one issue remains, namely how to suppress finite- 
squeezing-induced errors. 
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